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Abstract 

We have studied a mathematical relationship between holographic Wilsonian renor¬ 
malization group(HWRG) and stochastic quantization(SQ) of scalar field with arbitrary 
mass in AdS spacetime. In the stochastic theory, the field is described by an equation 
with a form of harmonic oscillator with time dependent frequency and its Euclidean ac¬ 
tion also shows explicit time dependent kernel in it. We have obtained the stochastic 
2-point correlation function and demonstrate that it reproduces the radial evolution of 
the double trace operator correctly via the suggested relation given in arXiv:1209.2242, 
Moreover, we justify our stochastic procedure with time dependent kernel by showing 
that it can be mapped to a new stochastic frame with a standard kernel without time 
dependence. Finally, we consider more general boundary conditions for the stochastic 
field to reproduce the radial evolution of the holographic boundary effective action when 
alternative quantization is allowed. We extensively study the Neumann boundary con¬ 
dition case and confirm that even in this case, the relation between HWRG and SQ is 
precisely hold. 
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1 Introduction 

AdS/CFT correspondence has shed light on the various strongly coupled field theories by pro¬ 
viding very useful insights on them. Recently, Fluid/gravity duality and AdS/CMT have been 
widely studied and much useful information has been obtained. Among such studies, espe¬ 
cially holographic Wilsonian renormalization group(HWRG) jHE] provides the renormalization 
group flows of interesting multi-trace operators in the dual (conformal) held theories defined 
on a hypersurface with a certain radial cut-off in AdS space since it turns out that the radial 
cut-off in AdS space where the gravity theories are defined corresponds to the energy scale in 
the dual held theories. 

Another interesting challenge is to understand HWRG in the frame of stochastic quan¬ 
tization (SQ)| 1. El Bj, he. to hgure out a mathematical relationship between them. The 
mathematical relation between SQ and HWRG has been addressed in several papers by J.Oh 
and D. P. Jatkar MS and they developed the relation to the various holographic models 
in AdS space. The dictionary that the authors in [6] have found is that once we identify the 
boundary on-shell action, I os (without holographic renormalization, i.e. by keeping divergent 
pieces in it) with Euclidean action, S E in SQ as 

S e = -2I os , (1) 

and request that the stochastic time t is identihed with r, the radial variable in AdS space as 

r = t, (2) 

the stochastic procedure precisely reproduce the radial evolution of the double trace operators 
in the dual held theory defined on the r = e hypersurface in AdS space. 

In [6], the authors provide two explicit examples to support their claim. One is massless 
scalar held in AdS 2 and another is one-form held in AdS^ In these examples, they reproduced 
the radial evolution of the double trace operators in the dual held theories from the stochastic 
2-point correlation functions precisely via the following relationship: 

1 x2 c 

- 2 (3) 
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where (27r) d (\l/p(r)\]/_p(r))jj 1 is the double trace operator ,($p(t)$_ p (t))s is the stochastic 2- 
point correlation function. The T is the field defined in AdS space and $ is the stochastic field 
which should be identified by the relation given in |6]. 

However, these examples are rather restrictive in a sense that their bulk action defined in 
AdS space effectively becomes theories of them defined on half of the flat space, R + @ once we 
substitute the explicit form of the AdS metric]! into the action. In fact, these theories are the 
ones which are optimized to recover the relation. In the usual stochastic quantization there 
is no notion of metric which explicitly depends on the stochastic time t. The space of the 
stochastic quantization is a product space as x R + , where M d is d -dimensional manifold 
where the Euclidean action is defined and R + is a half of the real line for the stochastic time 
t. In the case of the two previous examples, the kinds of space of stochastic quantization are 
R x R + for the massless scalar in AdS 2 and R 3 x R + for the one form field in AdS/^. 

In 0, the relation^ is extended to conformally coupled scalar in AdS^+i space, which does 
not enjoy the properties that the previous examples present. One sickness in this example is 
that the Euclidean action shows explicit stochastic time dependence through the identification 
Se = —2 I os . The formal form of the Euclidean action obtained by the identification is given 
by 

Se = j g(t)& 2 (x)d d x, (5) 


where <f> is the stochastic field and g(t ) carries the time dependence in Se- 
Langevin equation is 


cM>(x, t ) 

df~ 


1 SSe 

2 <5<f>(;r, t ) 


+ V{x,t), 


The form of 


( 6 ) 


where rj is the white Gaussian noise. 

To evaluate the explicit form of the Langevin equation, we plug the Euclidean action into 
the Langevin equation and promote the field <&(x) —> <&(x, t). The Euclidean action before such 
promotion has no notion of stochastic time t in it. The purpose of the stochastic quantization 
is that one gets correlation functions in the very late time of t as the consequence of the 
quantization of Se- This means that the correlation function is that of d-dimensional theory. 
The information about the stochastic time t is completely washed out by taking t —> oo in the 
correlators. Therefore, it may be non sense if there is t dependence in the Euclidean action, 

S E - 

However, one can avoid this sickness by using a field redefinition. This scalar theory 
is mapped to a theory of massless scalar field theory in R d x R + by an appropriate field 
redefinition. In this field frame, the Langevin equation and the Euclidean action show no 
explicit time dependence in them and the radial evolution of the double trace operator is 
precisely reproduced from the stochastic 2-point function via the relation (l3lh 


2 The reason that it is not entire flat space is that the radial variable r runs from 0 to oo. 

3 The form of the AdS^+i metric is that of Poincar-patch, which is given by 


ds 2 = —(dr 2 + dx l dx l ). 

i -1 


(4) 
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In this paper, we have extended this relation to scalar field theory in AdS^+i space with 
arbitrary mass. This theory shares the similar problem with the previous example. The 
Euclidean action obtained via the identification Se — —21 os contains explicit time dependence. 
One can apply the same field redefinition used in [7J but one cannot remove the explicit time 
dependence in this case. The action with the redefined field has a form of harmonic oscillator 
with time dependent frequency due to the arbitrary mass term 0. This also implies that 
its boundary on-shell action has explicit cut-off dependence in it too (without holographic 
renormalization). 

A resolution for this problem is given in [9]. The authors in [9] suggest a mapping from 
this frame to another of stochastic quantization, where there is no explicit time dependence on 
the Langevin equation and a new Gaussian noise satisfies the standard form of the correlation 
functions, for example, (j] p (t)ry(t')) = 5(t — t')6 d (p — p'). Such map is achieved by a rescaling 
of the stochastic time as well as appropriate field redefinition. This idea applies to the scalar 
field theory with arbitrary mass and we have shown an example of the explicit mapping in 
the last section in this note. The method justifies that one can construct Langevin equation 
out of the Euclidean action with time dependent kernel in it. By using such time dependent 
Euclidean action from the relation Se = —2 I OSl we have reproduced the radial evolution of the 
double trace operator from stochastic process precisely. 

One special property of the scalar theory with arbitrary mass in AdS is that the solution 
of the Langevin equation has no more exponential form of the function. Usually, the Langevin 
equation is a type of diffusion equation and its solution is a form of e _t . However, in the case 
of the scalar field with arbitrary mass, the on-shell action provides an Euclidean action where 
its kernel contains a combination of Bessel functions and their derivatives. Such nontrivial 
Euclidean action gives the correctly reproduce the holographic boundary effective action. 

For the final issue, we consider more general boundary conditions for the stochastic fields. 
The motivation of this is that when the scalar field mass is in the range of — c -j < m 2 < — +1 

in AdSd_|_i space, one can impose more diverse boundary conditions for the field in the dual 
gravity in holographic framework because alternative quantization is possible. In the literatures 
so far [HI 0 E], the case of standard quantization is studied only, where the authors consider 
only Dirichlet boundary condition at the initial stochastic time, (j)(t = t 0 ) = 0. Among many 
of the boundary conditions, we concentrate on Neumann boundary condition and evaluate the 
radial evolution of the boundary effective action by using the suggested relation as 

Sb = f dtt f d d xC FP ((j)(t,x))i 

Jt 0 J 

where C F p is Fokker-Planck Lagrangian. When the Dirichlet boundary condition(0(t = t 0 ) = 
0) is imposed for the stochastic field, the double trace part of the boundary effective action is 
captured only. It turns out that the boundary condition, (J)(t = f 0 ) = 0 is very specific, which 
kills the single trace part in the boundary effective action. More relieved Dirichlet boundary 
condition as (p(t = t 0 ) = </> 0 will not kill the single trace part. Once the Neumann boundary 
condition is requested, one can evaluate the single trace part too. It turns out that for the 

4 In conformally coupled scalar case, this time dependence is completely canceled out in the transformed 
field frame. 


( 7 ) 


3 



case that the Neumann boundary condition is imposed, the double and single trace parts 
of the operators in the boundary effective action are correctly reproduced by the stochastic 
prescription. 

In SecJ21 we review HWRG for the scalar field with arbitrary mass in AdS^+i and the 
radial evolution of its boundary effective action. In Sec|3l we develop stochastic quantization 
for the theory and show that the stochastic 2-point correlation function reproduces the radial 
evolution of the double trace operator correctly. In SecJU we discuss a justification for the 
stochastic process performing in Secj3]with time dependent kernel by showing that the primitive 
Langevin equation is mapped to a new type of that without explicit time dependence and the 
standard form of correlations with the transformed white Gaussian noise. Finally, in Secj5j we 
discuss an application of Neumann boundary condition for the stochastic field when alternative 
quantization is possible in the dual field theories in the holographic frame work. 


2 Holographic Wilsonian renormalization group 

We start with a free massive scalar field action defined in AdS^+i as 


S 



drd d x^/gC((j), deft) + Sb, 


( 8 ) 


where r is AdS radial coordinate, e is radial cut-off and Sb is the boundary effective action at 
r = e. £ is the Lagrangian density of the massive scalar field defined in the AdS space, which 
is given by 

£ = + ^m 2 0 2 , (9) 

where g,j V is the AdS metric: 


ds 2 = g flu dx fi dx L ' 


dr 2 + Yli=] dx l dx l 


( 10 ) 


The bulk spacetime indices p, u run from 1 to d + 1, we define that x d+1 = r and x 1 ... x d are 
boundary directional coordinates. 


Flow of the effective action in dual CFTJ4], [5] The boundary effective action is sum of 
boundary multi trace operators multiplied by the boundary value of the bulk field (j) with the 
boundary momentum integration at r = e hypersurface. Therefore, 


Sb = A(e) + 


d d p 

(2vr) d 


J(e,p)0_ p (e) 


1 

2 


d d p 

(27r) d 


D(p, e)0 p (e)0_p(e) + multi trace part, 


( 11 ) 


where J(p , e), D(p, e) are the single and double trace operators respectively. For the free field 
in the bulk, we have at most double trace operators and we are interested in the single and 
double trace parts of the boundary effective action 0. The Hamilton-Jacobi equation for the 

5 The term A(e) is called boundary cosmological constant, which is the field independent. 
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boundary effective action is given by 


d f S R = - 


d d p 


SS 


B 


2Vag rr \HpJ 

By substitution of (TlTh into (fT2]h we get 


6Sb ^ ~ 7}Vg{g lJ PiPj + rn 2 )(p p (p-j 


deHe) = -- 
d e J{e,p) = 


d d p 


(2tt) m yfgg 
- 7 1 J{e,p) D (e,p), 




V99 rr ^y 

d e D(p, e) = ^^ f ^ d D(€,p)D(€, -p) - (2tt ) d ^(r 2 p 2 + m 2 ) 


V99 rr (^) d 
and their solutions are given by 


( 12 ) 


(13) 

(14) 

(15) 


A(e) 

J{z,P) 

D(e,p) 


_i r (] j [ dd p 1 M-p 

2 J J (2vr) 2d y/gg rr 0 P 0_ P ’ 

_Pp 

(ftp 

-(2 tt)^, 


(16) 

( 17 ) 

(18) 


Yp 

where j3 p is an arbitrary constant and II ^ is the canonical momentum of the field (f). The 
canonical momentum satishes following equations: 

= yfgg rr d r (t> and <9 r n^ = yfg{r 2 p 2 + m 2 )</>, (19) 

where the first equation is nothing but definition of the canonical momentum. By combining 
these two equations, one can reconstitute the bulk equation of motion as 


drY d d r cj)) 


1 

ryd -\-1 


(■ r 2 p 2 + m 2 )(j), 


( 20 ) 


as well. 

The solution of this equation in the zero boundary momentum p — 0 case is 

4>(r) = bir^~ u + b 2 r^ +u , (21) 

where b\ and b 2 are arbitrary constants and 

v = -\/d 2 + 4m 2 . (22) 

Once we turn on the boundary directional momentum p of the held, then the solution is a 
linear combination of the Bessel K and / as 

<f>p(r) = cY /2 K v (\p\r) + c 2 r d/2 I u (\p\r), (23) 

where c\ and c 2 are p dependent constants. 
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Field redefinition we discuss HWRG in different field frame. In this field frame, the massive 
scalar field in AdS space becomes harmonic oscillator with r dependent frequency. By using 
the explicit form of the metric (fill , the bulk action is written as 


S — - / drd d p (r 1 d d r (j)pd r (j)-p + p 2 r 1 d (j) p (t>-p + m 2 r 1 d 0 p 0_ p ) . (24) 


We define a new field f p as <f p = r 2 f py and substitute it into the action. Then the action is 
transformed to 


S — - drd d p 


drfpd r f-p + p 2 fpf- p + 4 (rn 2 + d - )/?/-; 


Its equation of motion is given by 


0 = -d r -d r f P + P f P + r ( m + 


d 2 - 1 


f P , 


(25) 


(26) 


which is a form of that of harmonic oscillator with r-dependent frequency w(r), where ui 2 (r) = 
p 2 + r _ 2 (m 2 + ^- 7 —f). The solutions of this equation are 


/(r) = b\r 2 u + b 2 r 2+u for zero momentum case, 
f P (r) = cir 1/2 K„(\p\r) + c 2 r 1 / 2 / i ,(|p|r) for p ± 0, 


(27) 

(28) 


where b\ and b 2 are arbitrary constants and C\ and c 2 are arbitrary boundary momentum p 
dependent functions. 

HWRG in this field frame is given as follows. We prepare a ansatz for the boundary effective 
action in this field frame as 

S'b = A /(e) + J ~\f e )/p( e )/-p( e ) + multi trace P art ’ ( 29 ) 

The Hamilton Jacobi equation in this field frame is given by 


d e S' B = 


2 


d d p 


5S' b 


Sf P J \Sf- 


5 S'r 


B 


\P\ 2 + 


m 2 + d - ) ) f p f-p 


(30) 


By plugging this into the act ion (OKI) , we get equations of motion of the single and double trace 
operators, Jf and Df as 


d e J f (p,e) = 
de D f (p,e) = 


(2tt) 


(2tt) 


- l Jf(p,e)D f (p,e), 
:D f (p,e)D f (-p,e) - (2tt) c 


p + [m + 


d 2 - 1 


where is canonical momentum of the field f p , which satisfies the following equations: 


n/ = d r fp and d r U f = p 2 f p + -j ( ni 2 + 


d 2 - 1 


(31) 

(32) 

(33) 
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In the zero boundary momentum case, the solution of the single and double trace operators 
are given by 


J f(r ) 
D f (r) 


ftp _ ftp 

fp d\A~ u + d 2 A +v 1 


-(2 n) d 


d r f(r) 

fir) 



-v) + d 2 {\ + v)r 2 " 
dir + d 2 r 2u+1 


(34) 

(35) 


where d\ and d 2 and /3 P are arbitrary constants. Then, the double trace part of the boundary 
effective action is given by 


Sb = 


1 di{\ — u) + d 2 {\ + u)r 2u 


-f 2 


(36) 


2 d\r + d 2 r 2u+l 

Once we turn on the boundary directional momentum p, the solution of the single and 
double trace operators are given by 

Pp 


Pp 


J(yP,e ^ f P e 1 / 2 (ci/\j,(|p|e) + c 2 I v (\p\e)) ^ 

D f {p ,e) = -(2n) d ^ ^-(2n) d d £ \n[e 1/2 (ciK I/ (\p\e) + c 2 I u (\p\e))\. (38) 

Ip 


and so the double trace part of the boundary effective action becomes 

1 


S B = 


2(2t r) 


d d pD r (p,i)fj,°He)l^U). 


(39) 


On-shell action We discuss zero momentum case first. To evaluate the on-shell action, we 
need to choose regular solution (which should not be divergent in AdS interior). Therefore, 
b 2 = 0 is chosen in (1271) . Then, the form of the regular solution is given by 


/ (r) = / (0) 


r 2 v 


A-' 


(40) 


where /^ is boundary value of the bulk held /(r) at r = e. The on-shell action is, by definition, 
the bulk action upto equation of motion evaluated on r — e hypersurface, which is given by 


Ios = \ J r ddp fp dr f-P- 

We plug the regular bulk solution into this and we get 



(41) 


(42) 


For nonzero momentum (p ^ 0) case, we set c 2 = 0 for the bulk solution to be regular. We 
rewrite this regular solution in terms of boundary value of the held (j) as 


f P ( r ) = fp° ] 


r 1 / 2 K u (\p\r) 
e 1 / 2 K u (\p\e) ’ 


(43) 
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where is the boundary value of the bulk field f p (r) at r = e. By substituting this regular 
solution into the formal form of the on-shell action (Hdl) . the on-shell action is given by 

Ioa = \ f dd vfp ] bl r )]- ( 44 ) 


3 Stochastic quantization 

In this section, we develop stochastic quantization by identifying the Euclidean action, Se with 
the on-shell actions (jj2j) or (FT4|) through the suggested relation Se = —2 I os . It will be shown 
that the radial evolution of the double trace operator can be reproduced by stochastic 2-point 
correlation function via the relation suggested in [6J [§. It is given by 

</f < 45 > 

provided by r — t identification, s is the stochastic 2-point correlation function 

and (fp°\r)f^p(r)) H = , which is proportional to the double trace operator. 


3.1 Stochastic partition function 

We start with the Langevin equation, which is given by 

d$(x,t) 1 5Se 


dt 


2 5<h(x, t) 


+ ri(x,t), 


(46) 


where t is the stochastic time, $ is the stochastic field, r/ is the white Gaussian noise and Se 
is the Euclidean action. We take this Euclidean action to be the following form: 


Se= d d x g(t)& 2 (x, t), 


(47) 


which contains stochastic time dependent kernel g(t ) in it. By using such a form of the 
Euclidean action, the Langevin equation becomes 


+ v(x,t). (48) 

To evaluate the stochastic correlation functions correctly, we consider the stochastic partition 
function. The stochastic partition function is 


Z H = j v lv\ exp (-5), 

where 

1 

S — - I dtd d xr] 2 (x,t), 
2 Jt 0 

6 The relation is given by the equation (2.38) in [6j. 


(49) 

(50) 
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and t and to are the final and initial stochastic time for the stochastic process respectively. 
From this partition function, the stochastic 2-point correlation function is given by 

(Vp(t)Vp'(t')) = ^ J D[rj\r] p (t)r] pl {t')e~ s = 8(t - t')5 d (p - p'). (51) 

By using the Langevin equation, we replace the stochastic noise, rj with the stochastic field, <P 
and then we have 

S = St dt<jdx + - dt9 ^® 2 + , (52) 

= s fp + S E \l= to , 

where Spp is called the Fokker-Planck action which is given by 

Spp = j dtd^xjCpp (53) 

and jCfp is the Fokker-Planck Lagrangian density: 

Cfp = t(S, 4) 2 + - a , 9 ( t )) 4 > 2 . ( 54 ) 

One can define this Fokker-Planck action in the momentum space too, by using the Fourier 
transform as 

$(M) = * J d d pe~ zpx %(t), (55) 

then the Fokker-Planck action becomes 

S F p = \ J dtd d p[d t $ p d t $_ p + (g 2 (t) - d t g{t))$ p §_ p \ (56) 

According to |6], this Fokker-Planck action is identified with the action (l25l) . For this, we 
demand that the Ricatti term appearing in (1561) is equal to the radial coordinate dependent 
frequency term in (|25|) along with the identification of the AdS radial coordinate r with the 
stochastic time coordinate t. This is a part of the SQ and AdS/CFT dictionary. In other 
words, we replace the radial coordinate r by the stochastic time t. This gives us the equation, 

9 \t) - d t g(t ) = p 2 + ^ (m 2 + d 4 ^ . (57) 

For the zero boundary momentum case, p = 0 the solution of g(t ) is either 

9i(t) = 2 f + Z/ , or g 2 (t) = 2 f 1 ■ (58) 

Once we choose the solution then the Euclidean action (l47li is consistent with the pre¬ 

scription for the choice of the Euclidean action from the on-shell action given in [6]. The choice 
of the solution g 2 (t) corresponds to turning on the irregular part of the scalar field solution in 
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AdS space, meaning that it causes divergence at the AdS center, r — oo. The boundary value 
of the bulk scalar field fir) is identified to be the stochastic field. For the no n zero momentum 
case, the solution of this equation is 

g (t) = -d t log [Vt K v (\p\t) + a 0 Vt L{\p\t)} . (59) 

To match this with the on-shell action (144(1 . we take a 0 to vanish. In fact, the term being 
proportional to a 0 comes from the irregular part of the bulk solution in the on-shell action. 
Therefore, a choice of ao = 0 is consistent with the Euclidean action derived from the on-shell 
action. 

3.2 The stochastic 2-point correlation function and the boundary 
effective action 

In this subsection, we compute the stochastic 2-point correlation function to match with the 
boundary effective action in HWRG computation. 

Langevin approach We discuss the zero boundary momentum case first. By substitution 
of the Euclidean action, 

Se = ~ (5 - ") (/ (0) ) 2 ( 60 ) 

obtained from the on-shell action (1421) and by applying the identification r — t, the Langevin 
equation Qj6j) is given by 

= 1(1 — 2 ,/)*(()+,((), (61) 

and its solution is 

$(0 = [ - 71 ( 62 ) 

J to t 2 

where t 0 is initial time, which will determined by a initial boundary condition soon. Now, we 
compute stochastic 2 -point correlation function as 

(mm)s = 


We have used the relation of 2-point 
equality in the above computation: 


/tn Jt' i2~ u 4-'2~ v 

0 0 h G 



(v(to)ri(lf 0 ))dtodlf 0 


(63) 


t t2~ U t'2~ U 


l—2u 


Jt 0 t Q 


-dt 0 , 


2 v 


C t* - 0 


function of the white Gaussian noise rj for the second 


(v(t)ri(t')) = S(t-t'). 


(64) 
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Then, the equal time commutator is 


4-1—2v 

= (65) 

It is manifest that this stochastic 2-point correlation function can reproduce the solution 
of double trace operator (1341) via the suggested relation in [6] as 

1 A 2 o 

(/ (0) W/ (0) W) -. = mm))-/ - - 2m iyy «*> 

provided by the identification r — t and requesting a initial boundary condition for f 0 as 



Next, we discuss nonzero momentum case. We start with the Euclidean action obtained 
from the on-shell action (14411 via the identification Se — —2 I os . From this form of the Euclidean 
action, we derive the Langevin equation as 

= d t M tl/2 Kv(\p\t))$ p (t) + 7 ]p(t). (67) 

Solution of this equation is 


a (o - r tmK »w) 


'to 

Let us compute stochastic 2-point correlation function, which is given by 

[< t l / 2 t' 1 ' 2 K v (\p\t)K v (\p\t') sd 


'to 


K„(\p\W 


dt 5 d (p — p) 




t=t 


t=to 


where for the second equality, we have used the noise correlator, 

=6{t- t')5 d (p - p'). 

For the third equality, the following integral formula has been used: 

/ dx I a (x) 

x[I< a (x)] 2 K a (x)' 


( 68 ) 


(69) 


(70) 


(71) 


We are interested ill the equal time commutator, so we take t' — t. The equal time commutator 
is given by 

(0 p (t)</y (f)) = 5 d (p - p') t[K u (\p\t)I u (\p\t) - 0(t o )K u (\p\t) 2 ], (72) 
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where 


P(to) = 


Ia{\p\to) 


(73) 


^a(bl^o) 

To check if the stochastic correlation function (J72J) reproduces the radial evolution of the 
double trace operator (157|) correctly via the relation (J45]h we compute 


(%m_ p (t)) - - 


1 5 2 S f 


2 5%(t)5$_ p (t) 


= d t \n[t 1/2 (-/3(to)K„(\p\t) + I u (\p\t))]. 


(74) 


Once we identify the radial variable r with the stochastic time t and request a initial 
boundary condition, /3(f 0 ) = — then (1741) perfectly match with (1571) . 

Fokker-Planck approach The Fokker-Planck action is given by 

, ,2 1 


S FP = - / dtd d p 


dt$ p dt$- p + |p| + 


t 2 


4 1 


(75) 


and it equation of motion is 


0 = -d 2 %(t) + 


\P\ 2 + 


v 


t 2 




(76) 


By using its equation of motion, we get the on-shell evaluation of this action, which is 

i r- t'=t 


S F p = - / d d p „it-i 


(77) 


t'=to 


where < h(f) becomes the most general solution of the equation of motion. For the zero boundary 
momentum case, the most general solution of <f>(f) is given by 


$(f') = $(t) 


hit '2 u h 2 t'2 +u 
hit^~ u + h 2 t^ +v 


(78) 


where hi and h 2 are arbitrary constants. This solution is designed to satisfy the stochastic 
boundary condition at t' — t as <&{t' — t) — &(t). To reproduce the double trace part of the 
boundary effective action in HWRG, we have chosen the initial boundary condition too as 


Once the solution dTHl) is plugged into the Fokker-Planck action, we get 

1 hi — v) + h 2 Q + zz) t~ u 


(79) 


Sfp — 


hit + h 2 t 2p+1 


(80) 


Once we identify di = hi and d 2 = h 2 , the this Fokker-Planck action correctly reproduce the 
boundary effective action, Sp given in (1361) provided by r — t. 
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Next we discuss nonzero momentum case (p ^ 0). [75l From the equation of motion (1761) . 
the most general solution for this case is obtained as 

d> P (t) = dit 1/2 K u (\p\t) + d 2 t 1/2 I u (\p\t ), (81) 

where di and d 2 are p-dependent arbitrary constants. For this solution, we impose stochastic 
boundary condition as <h(f = t) = then we have 

$ = ^ (f J 1/2 [diK u (\p\t) + d 2 I u {\p\t)\ 

p } tVzfaKvdplt) + d 2 I v {\p\t)]‘ 

By substituting this solution into the Fokker-Planck action, we obtain 

c = I f jd d t[ tl/2 (diK v (\p\t) + d 2 I u (\p\t))\ 

2 J t l / 2 (diK v {\p\t) + d 2 I u (\p\t)) 

by requesting a initial boundary condition as 

d\ 

d 2 I v {t o) 

In sum, once we take d\ — c\, d 2 — c 2 and r = t then (1831) reproduces (139|) precisely. 

4 Stochastic quantization with time dependent kernel 

In this section, we justify our computations in the previous sections by providing a resolution 
for the subtle issue that we have mentioned in introduction: the issue of the explicit time 
dependent kernel in the Euclidean action. 

The Euclidean action necessarily shows explicit time dependence Via the identi¬ 
fication Se = —2 1 os, the Euclidean action has a form of (l47li and this action includes time 
dependent kernel g{t) in it. In the usual sense of stochastic quantization, the Euclidean action 
is defined on the d-dimensional Euclidean space and stochastic process is defined in d + 1- 
dimensional space since it is a product space of the real line of the stochastic time t and the 
d-dimensional Euclidean space where the Se is defined on. 

The kernel in the Euclidean action should not have the stochastic time dependence in the 
following sense. The purpose of the stochastic quantization is that one gets n-point correlation 
functions(for our case, 2-point correlation function only) as a consequence of the quantization 
of Se, in the very late time of t. The correlation function has no notion of stochastic time 
t dependence since it is the correlator of the d- dimensional theory. The information about 
the stochastic time t is completely washed out by taking t —> oo, where the correlators are 
evaluated. Therefore, it may be nonsense if there is t dependence in the Euclidean action, Se- 
By the way, the on-shell action, I os is in fact divergent since we did not perform holographic 
renormalization to obtain it According to the prescription in [7], the way of getting I os is 
by computing boundary contribution of the bulk action upto the bulk equation of motion 


(82) 


(83) 

(84) 
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without holographic renormalization. Therefore, the on-shell action I os is ill-defined on the 
AdS boundary. 

One can resolve this issue if one defines the on-shell action on the r = e hyper surface near 
AdS boundary where e <C 1. Once the on-shell action is defined on the hyper surface away 
from AdS boundary, it contains explicit e dependence and it is promoted to stochastic time by 
the identification ‘r = t' when we evaluate Langevin equation or Fokker-Planck action in the 
stochastic frame as addressed in [6j. Due to this rule, it is impossible to avoid for Se not to 
have time dependent kernel in it. 


Resolution of the time dependent kernel issue One way to resolve this issue is that 
one develop a mapping from the Langevin equation with explicit time dependence to that with 
a standard kernel without time dependence. Our Langevin equation is (jj8j) and the Fokker- 
Planck action becomes a form of harmonic oscillator with time dependence frequency uj(t), 
which is given by 

u 2 (t) = g 2 (t) - d t g(t). (85) 

Now, we develop a mapping from this frame to a new stochastic frame with standard kernel 
without time dependence. Let us consider the following map: 


$ k (t) = u(T)V k (T), rj k (t) 


Ck(T) 

U (T )’ 


and t 


u 2 (T)dT, 


( 86 ) 


where 4u(T) is a stochastic field, Ck(T) is a white Gaussian noise and T is a stochastic time 
in the new stochastic frame. For the transform to the right stochastic frame, we request that 
u(T) satisfies 


/m, 1 tt(T) . . . 1 ii(t) 

g(T = or equivalently, g(t) = -r- - —-. 87 

u z [T) u A [T) u z {t) u(t) 

The denotes derivative with respect to its argument. Under such a mapping, the Langevin 
equation (jH]) and the 2-point correlation of white Gaussian noise flTOl) transform to 


= -vl , t (T) + 4(T) and (i {T)( t ,(T')) = 6{T - T)6\k - k'), (88) 

respectively. This means that in this new frame, the Langevin equation is derived from a new 
Euclidean action with a kernel of identity as 


S E = 


^k^-kd d k. 


As the simplest example, one choose 


u(t) 


—=t 1 ^ 2 , or equivalently u(T) = —=e^ 

y/V " sJV 


(89) 


(90) 


for the zero boundary momentum case discussed in the previous section. Then, one can get 
the same answer with via the mapping §6]) from (1641) and (j6Tj) . 

7 We have omitted S d (k — k' ) in the result since it is the case that the boundary momentum is turned off. 
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5 Alternative quantization and the related stochastic 
business 

As we addressed in the Introduction, when the scalar held mass is in the range of — ^ < 
m 2 < — + 1, one can have alternative quantization scheme in the dual CFTs defined on the 

AdS boundary. In this section, we argue that even in such a case, SQ can capture the radial 
evolution of the single trace operator as well as the double trace deformation correctly. 

It is not surprised that to deal with SQ in the case that alternative quantization is allowed 
in the holographic side, there is no change except switching the Dirichlet boundary condition 
to other possible boundary conditions at the initial time(f = to). As addressed in many of 
the literatures[121 T3J Q3], when the alternative quantization is possible, various boundary 
conditions can be imposed as a generalization of the Neumann boundary condition. 

Suppose that 0 is the stochastic held. The boundary conditions that we request for SQ in 
the case of the standard quantization in the holographic side are 

• At t — tf, where tf is the final time in the Langevin process, we request that 
(j)(t = t f ) = (j)(t f ) 

• At t — to, where to is the initial time in the process, we impose that <p{t = to) = 0 

This is a Dirichlet boundary condition at the initial time. For the alternative quantization, it 
will be shown that if one impose Neumann boundary condition at the initial time, the radial 
evolution of the boundary effective action is completely captured by SQ. It is rather natural 
because one of the suggested relation between SQ and HWRG in [6] is the identification that 
t — r and the initial stochastic time f 0 corresponds to the radial location of the hypersurface 
near AdS boundary. Therefore imposing Neumann boundary condition to the stochastic fields 
at the initial stochastic time corresponds to imposing that to the held in holography on the 
r = e hypersurface near the AdS boundary. 


Massless scalar in AdS 2 To be more precise, we revisit the case with massless scalar held 
in AdS 2 which is discussed in |6j for the standard quantization and demonstrate a process 
to obtain the radial evolution of the boundary single trace operator J and the double trace 
deformation term D for the alternative quantization case. The action of the massless scalar in 
AdS 2 is given by 

S’buik = \ j drdTy/gg^d^dvcj), (91) 

where the metric g /iV is AdS 2 metric, which is given by 


ds 2 


dr 2 + dr 2 


(92) 


Upto the bulk equation of motion(by using its regular solutions), the on-shell action can be 
obtained as 



( 93 ) 
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which is computed in the frequency, co space by using Fourier transform. For the alternative 
quantization case, to impose Neumann boundary condition, we deform the AdS boundary by 
adding the following term: 



(94) 


The boundary condition is obtained by variation of the boundary action to be vanished as 


3(Ios + Sd) 
5^ 


+ J-u, — 0. 


(95) 


Therefore, for the case of alternative quantization, rather than Dirichlet boundary condition 


• At t = to, where to is the initial time of the process, we can impose that 

(j>u(t = t 0 ) = pj, 

\CJ\ 


(96) 


and the initial time, t 0 may correspond to r = e which is the location of the AdS boundary. 

Except this boundary condition at the initial time, the other prescriptions for the SQ 
process suggested in [6j do not change. Utilize the identification Se = —2 I os to evaluate the 
Euclidean action being able to derive Fokker-Planck action, find its equation of motion and 
the solution of it. The solution is given by 


(o) (fl) = coshd^lf) + sinh(|q;|f / ) (Q) 

,-faA J cosh(Mt) + sinh(Mf) h 


(97) 


which satisfies the boundary condition at the final time, t as (f>w\t' = t) = (f>w\t). Evaluate 
the boundary effective action by using the prescription (J7J). Then, we have the following result: 


S B = 


Sdt + Sj , 


(98) 


where the Set is the double trace operator part, which is given by 

O 1 fj I m( 0 W( 0 )^ ( sinh(Mt) + a w cosh(Mf) 

Sdt = - / dw\u}\<^J[t)<pL^[t) — .- - . ; nr 

2 J \cosh(|a;|f) + smh(|a;|f) 


(99) 


The Sj is a piece depending on the initial stochastic time to and we manipulate this by imposing 
the Neumann boundary condition (l96]h Then, 


Sj = 


'd* ki smh , ( 'f, o) ; + °" cos ! 1 ^! t ? ) w coshi 'n' k \ +a “ sm l 1 i! ti '! t ;b io >(tiioo) 

cosh(|a;|f) + smh(|a;|f) ' cosh(|u;|f) + a u smh(|u;|£) 

dw\u\ siiih (M to )+ a " C0S !*|!‘ > '|(° ) 
cosh(|u;|i) + a u smh(|a;|f) 

1 f^ smhtMy + ^coshtHto) g) 

' cosh(|a;|f) + a u smh(|a;|f) 


1 

2 

1 

2 

1 

2 . 
1 
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where the second equality can be understood by looking at the solution (197]) and we impose the 
initial boundary condition (l96]h explaining the third equality. For the last equality, we define a 
new quantity J- U (t) as 

j (t) = _^_ 

u cosh(|o;|t) + sinh(|u;|i) ’ 

where f3 u is a constant, which is given by 

Pu = 7r(sinh(|a;|to) + cosh(|o;|to)) 

Once we identify f3 u with f3 u given in (3.26) in |6], Sj precisely describe the radial evolution of 
the single trace part of the boundary effective action in this case. 


( 101 ) 

( 102 ) 


Scalar field in AdS^+i with mass m in the range that — y < m 2 < — c -j + 1 One can 

generalize the previous result with massless scalar field in AdS 2 to the massive scalar in AdS^+i 
easily. For this case, by using the technique of holographic renormalization [TT1 [TO] , one can 
evaluate holographic one point function which is finite. 

The regular solution of the scalar field shows a near boundary (small r) expansion as 

(/> p (r) = + ... + + ..., (103) 

where q is the coefficient of non normalizable mode and is the coefficient of the nor¬ 

malizable mode. In Euclidean case, they are related and in fact 

c 1 = < 104 ) 

where we restrict ourselves in the case that v is not an integral number. By adding appropriate 
counter terms, one can evaluate finite holographic one point function, which is given by 

w s -itw =21/2-21 w b|2 ^ 0) ■ (105) 

where S is the renormalized holographic action. When alternative quantization is possible, one 
can add a deformation to the conformal boundary and change the boundary condition. One 
one adds 

Reform = J y/g2u2~ 21 '^^- Ip^ 1 , (106) 

then Neumann boundary condition can be imposed on the conformal boundary, which is given 
by 

WT = J-p, (107) 

which is the similar with the Neumann boundary condition of massless scalar in AdS 2 (l96]h 
If we request (I107|) rather than imposing the initial boundary condition (l84|h then we can 
correctly capture the single trace operator (I37|) . For the correct answer, we have defined that 

Pp = ^—^- d t 0 [tl /2 (c iK v (\p\t 0 ) + c 2 I„(\p\t 0 ))}J- p . (108) 
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